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A B S T R A C T

Mooring is a widely used stationkeeping approach for floating structures. The main contribution of this
paper is to propose a novel localization scheme, which provides additional real-time position references and
estimates the unknown anchor positions to a moored structure simultaneously using tension measurements
from the mooring monitoring system. The proposed method enhances the safety of moored floating structures
by extracting redundant position information from tension measurements instead of using satellite signals.
A line-of-sight model that transforms tension measurements into range signals is developed. Fairleads, turret
dynamics, and slow-varying current profiles are considered to provide a more realistic and robust tension-based
localization scheme than early research. A distance-only sensor network is constructed, and graph rigidity
theory is applied to analyze its topological observability. Two simplified models are presented for some specific
applications: (1) to find the broken anchors offline with stored data for any vessels equipped with tension
cells and (2) to position the moored structures with known anchor positions. Sensitivity studies show that the
influence of unknown surface current is small, while the effects of unknown current profiles are larger. The
positioning accuracy can be improved by increasing the number of virtual vessels.
1. Introduction

Mooring is a widely used stationkeeping approach to constrain the
position of floating structures in water (Ja’e et al., 2022). It applies
to both permanent and temporary operations. Several state-of-the-art
industrial innovations have motivated increasing attention for mooring
systems, i.e., floating bridge (Dai et al., 2021; Peng et al., 2021),
floating wind turbines (Campanile et al., 2018; Shi et al., 2023; Zeng
et al., 2022; Zhang et al., 2022), floating fish farms (Li et al., 2019),
thruster-assisted position mooring systems (Zhen et al., 2018; Zhou
et al., 2018), etc.

It has been reported that the main class societies experience one
anchor lost per 100 ships each year (Nord, 2011). The risk of losing
anchors and chains is high for a service life of more than 20 years.
Broken chains and anchors are considered wrecks and according to the
IMO convention, ship owners are responsible for the costly wreck re-
moval (Ratcovich, 2008). Therefore, techniques that can quickly locate
and remove the lost anchors after mooring failures are promising.

Commercial mooring line tension monitoring systems have become
available, resulting in their availability for tension measurement. A
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winch load monitoring system not only enhances the systematic au-
tonomy but also detects fatigue and line breakage (May et al., 2008;
Lee et al., 2021). A robust dynamic mooring tension control scheme is
theoretically addressed in Aamo and Fossen (1999). An experimental
verification is conducted by Nguyen et al. (2011) and Ji et al. (2015).

Collaborative position location is a localization technique. In the
localization technique framework, nodes in a sensor network can col-
laboratively determine their locations. These techniques can be classi-
fied into deterministic and probabilistic methods. Approaches based on
maximum likelihood, such as second-order cone programming (SOCP)
and semidefinite programming (SDP), are widely applied deterministic
optimization-based approaches (Lui et al., 2009; Naddafzadeh-Shirazi
et al., 2014; Deng et al., 2022). SOCP is much faster than SDP due to
lower computational complexity, while SDP has a higher localization
accuracy (Tseng, 2007). However, these one-shot methods are not suffi-
ciently robust, since it is impossible to apply them to the algorithm with
uncertain landmarks. An additional challenge is that the system is not a
closed-loop system, which makes the model unlikely to ensure stability.
vailable online 28 November 2022
029-8018/© 2022 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.oceaneng.2022.112706
Received 6 May 2022; Received in revised form 19 September 2022; Accepted 23 S
eptember 2022

https://www.elsevier.com/locate/oceaneng
http://www.elsevier.com/locate/oceaneng
mailto:zhengru.ren@sz.tsinghua.edu.cn
mailto:zhouhy@umich.edu
mailto:libinbin@sz.tsinghua.edu.cn
mailto:hu.zhenzhong@sz.tsinghua.edu.cn
mailto:ymhzj2691@163.com
mailto:weishi@dlut.edu.cn
https://doi.org/10.1016/j.oceaneng.2022.112706
https://doi.org/10.1016/j.oceaneng.2022.112706
http://crossmark.crossref.org/dialog/?doi=10.1016/j.oceaneng.2022.112706&domain=pdf


Ocean Engineering 266 (2022) 112706Z. Ren et al.

e
𝑛
t

t

p
u

L
w

s
i
l
s
r

2

d
m

𝑀

w

𝜂

Simultaneous localization and mapping (SLAM) is a technique applied
in robotics to locate the robot with uncertain landmarks and no access
to posref through a joint estimation of pose and landmarks (Gustafsson,
2010). Normally, an extended Kalman filter (EKF), particle filter, and
FastSLAM are the most popular approaches for SLAM (Durrant-Whyte
and Bailey, 2006; Ren et al., 2019).

To design an observer for a distance-only localization problem,
observability is the first factor to be considered. For a steady network,
the number of nodes with known positions should be at least 3 in two-
dimensional (2D) plane and 4 in three-dimensional space. However,
the number of nodes with known positions can be reduced by for a
dynamic network, which is contributed by the motion of the nodes.
For example, the observability of popular single-beacon navigation
for autonomous underwater vehicles is discussed in Arrichiello et al.
(2013). In formation control of multiple robots, rigidity graph theory
is applied to evaluate the topological stability.

The idea of localization for a thruster-assisted position mooring
(TAPM) system using real-time tension measurements is firstly pro-
posed in Ren et al. (2015) with known anchor positions in a current-free
environment. Then, the study is preliminarily extended to a scenario
with unknown anchors (Ren and Skjetne, 2016b). However, systematic
observability analysis lacks and the verification is limited. In this paper,
we further extend the tension-based localization scheme to a more
general scenario, i.e., anchor positions are unknown, and mooring
lines are exposed to depth-dependent time-varying current profiles. The
motion estimates can also be applied to predict the vessel motions in
tens of seconds, for example, by sparse regression (Ren et al., 2023) and
neural networks (Guo et al., 2022). The topology of the sensor network
is verified with systematic analysis. An EKF-based SLAM technique is
adopted to locate the vessel with tension measurements. An additional
simplified model is applicable to track uncertain anchor positions for
any vessels equipped with tension cells. As a result, the costs to remove
the lost anchors will be reduced.

This paper is organized as follows. In Section 2, the mathematical
modeling of a moored vessel, mooring line, and turret dynamics are re-
viewed. In Section 3, the possibility of generating a range (or distance)
measurement from a real-time tension measurement is investigated.
Assumptions are made to transform the tension measurement into a
range signal. The influence of the tension noise, current-induced loads,
and dynamic tension aroused from wave-induced vessel motion are dis-
cussed. A sensor network is constructed, and the problem is formulated.
Topological observability is analyzed in Section 4. The state-space
model and the EKF-SLAM algorithm are proposed in Section 5. Simula-
tion results of sensitivity studies are illustrated in Section 6. Section 7
concludes the paper.

Notations: 1𝑚×𝑛 and 0𝑚×𝑛 denote 𝑚 × 𝑛 matrices with all elements
qual to 1 and 0, respectively. Specially, 1𝑚 and 0𝑚 are vector with
= 1. Identity matrix with a size 𝑚 × 𝑚 is denoted by 𝐼𝑚. | ⋅ | denotes

he standard Euclidean norm. The eigenvalues of a matrix 𝐴 ∈ R𝑛×𝑛 is
denoted by 𝜆𝑖(𝐴). After sorting, with increasing values, 𝜆1(𝐴) ≤ 𝜆2(𝐴) ≤
⋯ ≤ 𝜆𝑛(𝐴), and 𝜆min = 𝜆1, 𝜆max = 𝜆𝑛. The frequently used symbols and
heir denotations are summarized in Table 5.

In localization, an anchor node denotes the node with the known
osition in a network. To avoid confusion with a physical anchor, we
se a beacon hereafter.

emma 1 (Weyl’s Inequality). Let 𝐴 and 𝐵 be 𝑛 × 𝑛 Hermitian matrices,
ith their respective eigenvalues ordered as 𝜆1(⋅) ≤ 𝜆2(⋅) ≤ ⋯ ≤ 𝜆𝑛(⋅). The

following inequalities hold

𝜆𝑖+𝑗−1(𝐴 + 𝐵) ≥ 𝜆𝑖(𝐴) + 𝜆𝑗 (𝐵), (1a)

𝜆 (𝐴 + 𝐵) ≤ 𝜆 (𝐴) + 𝜆 (𝐵). (1b)
2

𝑖+𝑗−𝑛 𝑖 𝑗
2. System modeling

The system configuration is presented in Fig. 1. A floating structure
is spreadly moored by 𝑚 mooring lines, exposed to wind, waves, and
current. The bottoms of the mooring lines are fixed on the seafloor
by anchors. Each mooring line is connected to the turret through its
corresponding fairlead. The turret rotates about a vertical axis at the
center of turret (COT) by the total torque induced by the mooring lines.
The vessel is weathervaning, its horizontal position is constrained by
the mooring system, and its heading remains against the main wave
direction.

Three right-handed inertial coordinate systems are adopted in this
paper.

• North-east-down (NED) reference frame {𝑁}: The origin is lo-
cated at the equilibrium point on the free water surface, where
the vessel stays constantly without any environmental loads and
thruster inputs. The 𝑥-, 𝑦-, and 𝑧-axes are northward, eastward,
and downward, respectively.

• Body-fixed reference frame {𝐵}: The origin is at the COT of the
vessel with 𝑥𝑏-, 𝑦𝑏-, and 𝑧𝑏-axes pointing to the stem, starboard,
and downward, respectively.

• Anchor𝑖-fixed reference frame {𝐴𝑖}: The origin 𝑂𝐴𝑖 is placed
at the 𝑖th anchor on the seafloor. The 𝑥𝑎𝑖 -axis directs to the
projection of the 𝑖th fairlead on the seafloor, and the 𝑧𝑎𝑖 -axis
points downwards.

Reference frames {𝑁} and {𝐵} are mainly used in deduction and
imulation. Reference frames {𝐴𝑖} are only used to initialize the moor-
ng lines. The motion of a floating vessel can be superposed by the
ow-frequency (LF) model and the wave-frequency (WF) model. The
tationkeeping model of a position mooring system has been intensively
eviewed (Skjetne and Ren, 2020).

.1. Low-frequency model

The LF model is caused by the slow-varying second-order wave
rift force, current loads, and mean-wind loads. The LF stationkeeping
odel (Fossen, 2011; Wu, 2022) is given by

𝜂̇ = 𝑅(𝜓)𝜈, (2a)

𝑏̇ = −𝑇 −1
𝑏 𝑏 + 𝐸𝑏𝑤𝑏, (2b)

𝜈̇ = −𝐷𝜈 + 𝑅⊤(𝜓)𝑏 + 𝜏𝑚 + 𝜏𝑐 , (2c)

here 𝜂 = [𝑥, 𝑦, 𝜓]⊤ consists of LF position and heading orientation of
the vessel relative to {𝑁}, 𝜈 = [𝑢, 𝑣, 𝑟]⊤ represents the corresponding
translational and rotational velocities decomposed in a vessel-fixed
reference, 𝑅(𝜓) ∈ R3×3 denotes the transformation matrix from {𝐵}
to {𝑁}, 𝐸𝑏 ∈ R3×3 is a diagonal scaling matrix, 𝑀 ∈ R3×3 is the
generalized system inertia matrix including zero-frequency added mass
components, 𝐷 ∈ R3×3 denotes the linear damping matrix, 𝑏 ∈ R3 is a
slowly varying bias vector, 𝜏𝑐 ∈ R3 represents the thruster input vector,
and 𝜏𝑚 ∈ R3 is the mooring load vector.

2.2. Wave-frequency model

Resulting from the first-order wave loads, the state-space form of
the WF model is given by

𝜉̇ = 𝐴𝑤𝜉 + 𝐸𝑤𝑤𝑤, (3a)

̇𝑤 = 𝐶𝑤𝜉, (3b)

where 𝜉 = [𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5, 𝜉6]⊤ ∈ R6, 𝜂𝑤 ∈ R3 is the WF motion vector,
𝑤𝑤 ∈ R3 is a zero-mean Gaussian white noise vector, 𝐴𝑤 ∈ R6×6,
𝐶 ∈ R3×6, and 𝐸 ∈ R6×3 are the system matrix, measurement
𝑤 𝑤
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Fig. 1. System configuration and coordinate systems.
matrix, and diagonal scaling matrix of the linear filter, respectively.
Specifically, they are

𝐴𝑤 =
[

03×3 𝐼3×3
−𝛺2 −2𝛥𝛺

]

, 𝐶𝑤 =
[

03×3 𝐼3×3
]

, 𝐸𝑤 =
[

03×3
𝐾𝑤

]

, (4)

where 𝛺 = diag{𝜔1, 𝜔2, 𝜔3}, 𝛥 = diag{𝜁1, 𝜁2, 𝜁3}, 𝐾𝑤 = diag{𝐾𝑤1, 𝐾𝑤2,
𝐾𝑤3}, 𝜔{1,2,3} is the wave frequency, and 𝜁{1,2,3} is the relative damping
chosen between 0.05 and 0.1.

2.3. Mooring line and turret dynamics

The mooring system consists of several mooring lines. The mooring
lines provide restoring forces to the turret through fairleads, resulting
in horizontal restoring of the moored structure and rotation of the
turret. For the LF model, a horizontal-plane spread mooring model is
formulated as

𝜏𝑚 = −𝑅(𝜓)⊤𝑔𝑚𝑜 − 𝑑𝑚𝑜(𝜈), (5)

where 𝑔𝑚𝑜 denotes the restoring force and moment vector acting at the
moored vessel in {𝑁}, and 𝑑𝑚𝑜 is the damping effects of the mooring
lines, which can be approximated by a linear damping model 𝑑𝑚𝑜 =
𝐷𝑚𝑜𝜈. It is a common practice to estimate the linear damping of a
mooring line by approximately 10%−20% of the critical damping of the
entire system (Nguyen et al., 2011). The linear damping of the mooring
system can be augmented into the damping term 𝐷𝜈 in Eq. (2c).

The vector of restoring force and moment acting on the moored
structure is given by

𝑔𝑚𝑜 =

[

𝑔𝑡𝑚𝑜,1∶2
𝐷𝑡
𝑧
̇̃𝜓𝑡

]

, (6)

where 𝑔𝑡𝑚𝑜 ∈ R3 is the restoring force and moment vector acting at
the turret, subscript 1 ∶ 2 indicates the first and second elements in the
vector, 𝐷𝑡

𝑧 is the damping between the vessel and the turret, 𝜓̃𝑡 = 𝜓𝑡−𝜓
is the relative angle between the turret orientation and vessel heading,
and 𝜓𝑡 is the angle of the turret comparing with the reference 𝑥-axis.
The dynamic model of 𝜓̃𝑡 is given by

𝐼 𝑡𝑧𝜓̈𝑡 = −𝑔𝑡𝑚𝑜,3 −𝐷
𝑡
𝑧
̇̃𝜓𝑡, (7)

where 𝐼 𝑡𝑧 is the moment of inertia of the turret. The restoring forces
and moment vector acting on the turret 𝑔𝑡 (𝜂) ∈ R3, which the mooring
3

𝑚𝑜
lines exert on the turret, is given by

𝑔𝑡𝑚𝑜 =
𝑚
∑

𝑖=1

[

𝑓𝑚𝑜,𝑖,1∶2
𝑓𝑚𝑜,𝑖,1∶2 × (𝑝𝑓𝑖 − 𝑝𝑟)

]

, (8)

where the superscript and subscript 𝑖 identify the 𝑖th cable, and 𝑓𝑚𝑜,𝑖 ∈
R3 is the generalized force at the end of the cable in {𝑁}.

The horizontal position of the Anchor 𝑖 is denoted as 𝑝𝑎𝑖. The
horizontal position of the fairlead corresponding to Anchor 𝑖 in {𝑁},
𝑝𝑓𝑖 = [𝑥𝑓𝑖, 𝑦𝑓𝑖]⊤ ∈ R2, are given by

𝑝𝑓𝑖 = 𝑝𝑟 +
[

𝑟𝑡 cos(𝛾𝑓𝑖)
𝑟𝑡 sin(𝛾𝑓𝑖)

]

, 𝑖 = 1,… , 𝑚, (9)

where 𝑝𝑟 ∈ R2 is the real-time horizontal position of the COT, which
can be replaced by [𝑥, 𝑦]⊤ when the COT overlaps with the center of the
vessel; 𝑟𝑡 is the radius of the circle where the fairleads locate on COT;
and 𝛾𝑓𝑖 is the angle of the 𝑖th fairlead compared to the reference angle.

The mooring lines are simulated by the finite element method
(FEM) model (Aamo and Fossen, 2001). Each of the mooring lines
is uniformly divided into several segments, and the mass of every
segment concentrates at the nodes. The position of the bottom end node
is the anchor, and the position of the top end is determined by the
fairlead. A node is only influenced by its nearest neighboring nodes and
underwater current, including buoyancy, gravity, reaction force, and
hydrodynamic drag. The position of each node is initialized by solving
the catenary equation.

3. Problem formulation

The objective of this section is to construct a sensor network accord-
ing to the real-time tension measurement. A tension signal is analogous
to a distance measurement.

3.1. Range measurements from tension measurements

Regarding a specific catenary mooring line, the tension exposed
to gravity acts as a restoring force on the moored vessel, which is
proportional to the displacement of its upper end. An innovative idea
is to connect the displacement and tension measurement. It is assumed
that a mapping exists between the tension and range in an undisturbed
environment. Therefore, we have the following parameter-separation
assumption.
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Assumption 1. For a catenary mooring line with a fixed anchor at the
steady-state, there exists a map 𝑓𝑖 ∶ D𝑋𝑖 → R+, such that

𝑇 0
𝑖 (𝑝𝑎𝑖, 𝑝𝑓𝑖,) = 𝑓𝑖(𝑋0

𝑖 )+𝛥𝑇𝑖,𝑐 ()+𝛥𝑇𝑖,𝑣(𝑝𝑓𝑖)+𝛥𝑇𝑖,𝑠(𝑝𝑎𝑖), 𝑖 = 1,… , 𝑚, (10)

where 𝑇 0
𝑖 is the noiseless axial tension at the top end of the 𝑖th

mooring line, 𝑋0
𝑖 is the horizontal distance between the 𝑖th anchor

and the projection of the corresponding fairlead on the seafloor, 
is the underwater current profile; and 𝛥𝑇𝑖,𝑐 , 𝛥𝑇𝑖,𝑣 and 𝛥𝑇𝑖,𝑠 are the
tension deviations due to the current load, wave-induced motion, and
seafloor topographical difference from the proposed catenary equation,
respectively.

Based on the binary search results of the catenary equations, 𝑓𝑖 is a
continuously, monotonically and strictly increasing, and local Lipschitz
map from the feasible region D𝑋𝑖 ⊂ R+ into the axial tension when
heave motion 𝑧 = 0. Hence, 𝑓𝑖 is bijective with an inverse function 𝑓−1

𝑖 .
In other words, we can estimate the horizontal projected distance be-
tween the anchor and fairlead through a perfect tension measurement,
such that 𝑋0

𝑖 = 𝑓−1
𝑖 (𝑇 0

𝑖 −𝛥𝑇𝑖,𝑐 −𝛥𝑇𝑖,𝑣 −𝛥𝑇𝑖,𝑠). However, this approach is
invalid since the tension deviations are not distinguishable in practical
situations. Additionally, sensor bias and noise existed in the tension
measurement, i.e.,

𝑇𝑖 = 𝑇 0
𝑖 + 𝑏𝑡𝑖 + 𝑣𝑡𝑖, (11)

where 𝑣𝑡𝑖 ∼ 𝑁(0, 𝜎2𝑡𝑖) and 𝑏𝑡𝑖 are the zero-mean Gaussian white noise and
sensor bias in the tension measurement of the 𝑖th tension cell equipped
on the corresponding cable, respectively.

Assumption 2 (Tension-Range Mapping). tensionRangeProposition sim-
plified range measurement model from real-time tension measurements
with generalized biases and a generalized noise is given by

𝑋0
𝑖 = 𝑓−1

𝑖 (𝑇𝑖) + 𝑏𝑋𝑖,𝑝𝑟𝑜𝑝 + 𝑏𝑋𝑖,𝑒𝑥𝑡 + 𝑣𝑋𝑖, (12)

where 𝑣𝑋𝑖 ∼ 𝑁(0, 𝜎2𝑋𝑖 ) is the generalized zero-mean Gaussian white
noise in the mapping, and 𝑏𝑋𝑖,𝑝𝑟𝑜𝑝 and 𝑏𝑋𝑖,𝑒𝑥𝑡 are the generalized pro-
prioceptive bias and the exteroceptive bias, respectively.

The model (12) separates uncertainties and environmental influence
from 𝑓𝑖. The noise is the superposition of tension-cell sensor noise
𝑣𝑡𝑖 and dynamic tension 𝛥𝑇𝑖,𝑣 caused by wave-induced motion. The
exteroceptive bias is mainly contributed by the sensor bias 𝑏𝑡𝑖 in (11).
The proprioceptive bias is a generalized effect of the current 𝛥𝑇𝑖,𝑐 and
seafloor 𝛥𝑇𝑖,𝑠, as well as model uncertainty. When the tension deviation
has a linear relation to the horizontal projected distance, the tension
noise is also a zero-mean white noise after the mapping.

The feasibility will be discussed as follows.

3.1.1. Noise source 1—wave-frequency motion
To present the influence mechanism of WF motions, the results from

the noiseless tension measurement with changing heaves are used as an
illustrative example; see Fig. 2. The top end of the mooring line moves
4 meters upward and downward. Suppose that the range is a value at
point B, the inverse mapping relies on the red line. When the vessel
heaves at 𝑧 = −4 m, the inverse mapping gives a distance as point A.
Similar, the distance appears to stay at point C when 𝑧 = 4 m. The
influence is the same for surge and sway motions.

We notice that the influence of 𝑣𝑋𝑖 depends on the curve slope and
magnitude of the heave motion. The slope of the tension deviation
due to heave motion is almost a constant in the neighborhood of a
stationary position of the floating vessel. Therefore, the partial deriva-
tive of the tension concerning heave motion is almost linear, such that
𝜕𝑇 0
𝑖

𝜕𝑧 ≈ constant. Since the average heave motion is zero, we assume
the dynamic tension from WF motion is an independent zero-mean
Gaussian white noise process.

To ensure that the current is independent to this trend, the simula-
tion results from Ren and Skjetne (2016a) with three different current
4

profiles and motions in {𝐴𝑖} are presented in Fig. 3. From the results,
t can be seen that the stiffness is not likely influenced by the current
peed significantly. The current profile, to a slight degree, alters the
eometrical shape of the mooring line, which then affects the geometric
tiffness. The vessel’s responses have a more remarkable influence on
he tension than the current. We notice that the tension deviation
ue to vessel motion is independent of neither the current profile
orm nor the current velocity. The tension deviation is proportional to
he surge and heave motions, while the variance caused by the sway
otion has an asymmetric property, i.e., the slopes are not straight

ines about the sway motion. This result is because the tension deviation
ompared to the initial value is primary influenced by the elongation
f the cable projection on the seafloor, i.e., 𝛥𝑋0

𝑖 = |𝑝𝑓𝑖 − 𝑝𝑎𝑖| =

(𝑥𝑓𝑖 − 𝑥𝑎𝑖)2 + (𝑦𝑓𝑖 − 𝑦𝑎𝑖)2−𝑋𝑖,𝑖𝑛𝑖𝑡 is nonlinear about 𝑦𝑓𝑖, where 𝑋𝑖,𝑖𝑛𝑖𝑡 is
he initial value. As a result, the magnitude of tension deviation caused
y sway motion is much smaller than that caused by surge motion.
herefore, the current profile does not influence the aforementioned
escription, and the floating structure WF motion influences the range
easurement as a zero-mean noise with a variance 𝜎2𝑑 , which is the

same value for all mooring lines. Note that the WF motion-induced
tension for various mooring lines is correlated. Since the magnitudes
are relatively small, the coupling effects are neglected.

3.1.2. Noise source 2—tension sensor white noise
The tension measurement noise 𝑣𝑡𝑖 becomes another source of range

oise after the inverse map. Based on the low-speed assumption, we
onsider the generalized stiffness as a constant, i.e.,

𝑖 =
𝜕𝑇 0

𝑖

𝜕𝑋0
𝑖

|

|

|

|𝑋0
𝑖

≃ constant. (13)

Then, the noise contributed by the tension cell sensor is still a zero-
mean white noise.

Since the sensor noise and WF motion are independent, the noise
variance in the range measurement follows the superposition principle.
The overall effects can be modeled as Gaussian white noise, and the
variance in the projected distance is

𝜎2𝑋𝑖 =
1
𝑘2𝑖

(𝜎2𝑡𝑖 + 𝜎
2
𝑑 ). (14)

.1.3. Bias source 1—seafloor topographical difference and current-induced
oads

The seafloor introduces a bias to the tension measurement, i.e., 𝛥𝑇𝑖,𝑠.
o the best of our guess, the seafloor is flat with a known mean depth.
owever, the seafloor is not perfectly flat due to, for example, reefs or

nclines. The mechanics of such an influence are quite similar to the
eave motion. When the current profile remains the same in a short-
erm period, the current load has a constant influence on the mooring
ine, depending on the difference in orientation between the current
irection and the mooring line projection on the seafloor. Therefore,
𝑇𝑖,𝑐 can be modeled as a constant bias to the tension measurement.

Additionally, the top tension of a mooring line is influenced by the
urrent-induced load. Hydrodynamic force can be roughly calculated
ased on a Morison-equation-like form. The tension deviation due to
arious current velocities and directions is shown in Ren and Skjetne
2016a). From the results, we can find that the influence of a current
s approximately quadratically proportional to the magnitude of the
urrent speed.

Note that the current-induced tension deviation 𝛥𝑇𝑖,𝑐 in a specific
urrent profile is different among mooring lines, even though they all
hare the same parameters. This is because of the difference in the
ncoming current direction; see Ren and Skjetne (2016a) for details.
ence, the proportional range bias is given by

𝑋𝑖,𝑝𝑟𝑜𝑝 =
𝛥𝑇𝑖,𝑐 + 𝛥𝑇𝑖,𝑠 . (15)
𝑘𝑖
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Fig. 2. Influence of the wave-induced heave motion on the generated range signal.
Fig. 3. Axial tension of a mooring line in five specific current profiles.
3.1.4. Bias source 3—tension sensor bias
We assume that the 𝑖th exteroceptive sensor bias is fixed to a

particular value, which is caused by the initial setup and sensor drift.
Hence, the exteroceptive range bias 𝑏𝑋𝑖,𝑒𝑥𝑡 results from 𝑇𝑠𝑖 , such that

𝑏𝑋𝑖,𝑒𝑥𝑡 =
𝑇𝑠𝑖
𝑘𝑖
. (16)

3.2. Line-of-sight assumption

Early studies normally consider a simplified scenario, assuming that
all the mooring lines are connected at the COT, e.g., Aamo and Fossen
5

(1999). Although this is a practical simplification, the influence of
the turret and fairleads is not negligible in the proposed application.
Assuming that the friction between the turret and the vessel is not
negligible, the turret rotates by the sum of the mooring line top torques.
Additionally, the magnitude of the turret radius is much smaller than
the lengths of the mooring lines. The arrangement is illustrated in
Fig. 4. Since the angle 𝛥𝜓𝑡𝑖 is small, we assume the COT is located along
with the extension of the line from the anchor to the corresponding
fairlead, with a distance 𝑟𝑡 from the fairlead, i.e., the distance between
the 𝑖th anchor and the COT 𝑑𝑖 is given by

𝑑 = 𝑋0 + 𝑟 + 𝛿 , (17)
𝑖 𝑖 𝑡 𝑖
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Fig. 4. The fairlead arrangement.
where 𝛿𝑖 is a small error caused by turret rotation.

Remark. The tension deviation is no longer in the form of Gaussian
white noise when considering the horizontal motion perpendicular to
the cable seafloor projection in 𝑦𝑎𝑖 and the natural periods of the WF
motions.

The influence due to the current and seafloor is limited when
compared to the top tension. For the sake of simplicity, the biases are
disregarded in the localization algorithm, i.e., 𝑏𝑋𝑖,𝑝𝑟𝑜𝑝 = 𝑏𝑋𝑖,𝑒𝑥𝑡 = 𝛿𝑖 = 0.
According to the aforementioned discussion, hereafter, the paper is
based on the line-of-sight (LOS) assumption.

Assumption 3 (LOS). The tension-range mapping is simplified as As-
sumption 2 and (12). When the length of the suspended mooring
line and structural parameter are known, the LOS assumption can be
expressed as

𝑑𝑖 = 𝑓−1
𝑖 (𝑇𝑖) + 𝑟𝑡 + 𝑣𝑋𝑖, (18)

where 𝑓𝑖 is the lookup table generated by setting heave 𝑧 = 0.

3.3. Sensor network construction

In a specific sea state, a vessel can remain stable around an equi-
librium point, where the main environmental loads are balanced by
the mooring restoring forces. The equilibrium point is normally deter-
mined by the environmental parameters, such as the magnitudes and
directions of the second-order wave loads, the current profile, and the
mean wind loads. The moving scope for a floating structure is relatively
small compared with the mooring line length.

When GNSS signals are available, a floating structure has one
beacon (the COT) and 𝑚 unknown nodes (the anchors). Range-based
localization is hence a potential approach as we have a group of 𝑚 range
measurements at any given time instant. However, the application
of the algorithm (Ren et al., 2015) is quite limited since it heavily
relies on the precise positions of the anchors, but the positions of the
anchors are impossible to access with the global navigation satellite
system (GNSS) signal due to the signal attenuation in water. In addition,
the performance is not satisfied when the anchor positions have full
extents of uncertainty. Another practical consideration is that there is
no information exchange between the anchors.

A well-known nonlinear passive observer is adopted to filter the
measurement noise, eliminate the wave-induced motion, and estimate
unmeasured states from position estimate (Fossen and Strand, 1999).
The observer is applied to estimate the motion of the moored vessel
when the position measurement is available. We collect and store the
estimated position and velocity as time series. Here, the observer is
well-tuned and the low-frequency motion can be estimated properly.
6

We assume that the environmental conditions are slow-varying, that
is, the equilibrium point for a given short term is constant. The posi-
tions from the observers and the tension measurements are collected
and stored when the vessel is positioned stably at different equilibrium
points. Since the data from the observer is already filtered with respect
to noise and WF motion, we can directly read the data at the next time
instant in the estimator update process.

Therefore, a sensor network is constructed with 𝑛 virtual vessels
with previously collected and stored time series data, as shown in
Fig. 5. In the figure, the virtual vessels are labeled as 𝑝𝑡𝑗 and 𝑗 = 1,… , 𝑛.
The anchors indexed by from 3 to 𝑚 − 1 are simplified to be a dot-
dash line to keep the plot clean. For a practical moored structure,
an accepted region is required to protect the mooring system and
auxiliary systems (such as risers) from failures. The structure is only
allowed to move within the region, resulting in small difference among
tension measurements of a same mooring line relevant to different
virtual vessels. Consequently, the small difference in the resulting range
measurements causes difficulties in a localization problem due to the
lack of distinguishability.

3.4. Problem statement

The objective of this paper is then to locate the real-time COT
position and unknown anchor positions simultaneously. In the sensor
network, 𝑛 virtual vessels are deemed as known beacons, 𝑚 fixed
anchors with unknown positions, and the real-time vessel COT position
is the unknown tracking node. The problem is solvable in the sense of
sensor networks.

The mooring line lengths and mean seafloor depth are assumed to be
known. Hence, mapping 𝑓𝑖 can be calculated according to the catenary
equations. If the load of the floating structure changes, the modification
should be done to compensate for the influence on 𝑓𝑖. For the sake of
simplification, we disregard the water depth and hereafter use a 2D
sensor network. The real-time position of the turret and heading vector
is 𝜂 = [𝑝𝑝⊤, 𝜓]⊤ with 𝑝𝑝 = [𝑥𝑝, 𝑦𝑝]⊤ is the LF COT position. Note that
𝑝𝑝 ≠ 𝑝𝑟 since the high-frequency wave motion is removed from 𝑝𝑟. The
position of the 𝑖th anchor and the 𝑗th virtual vessel COT are defined
as

𝑝𝑎𝑖 = [𝑥𝑎𝑖, 𝑦𝑎𝑖]⊤, 𝑖 = 1,… , 𝑚, (19a)

𝑝𝑡𝑗 = [𝑥𝑡𝑗 , 𝑦𝑡𝑗 ]⊤, 𝑗 = 1,… , 𝑛. (19b)

Two vectors containing all the anchor positions 𝑝𝑎 ∈ R2𝑚 and turret
positions 𝑝𝑡 ∈ R2𝑛 as,

𝑝 =
[

𝑝 ⊤,… , 𝑝 ⊤]⊤ and 𝑝 =
[

𝑝 ⊤,… , 𝑝 ⊤]⊤ . (20)
𝑎 𝑎1 𝑎𝑚 𝑡 𝑡1 𝑡𝑛
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Fig. 5. Analogy sensor network construction (left: system layout in the horizontal plane, right: network topology architecture).
The bias is disregarded by neglecting the current load, sensor bias,
and 𝛿𝑖, i.e., 𝑏𝑑𝑖 = 0. Similar to Assumption 3, the LOS range between
the 𝑖th anchor and the 𝑗th virtual vessel COT is given by

𝑑𝑖𝑗 = 𝑓−1
𝑖 (𝑇𝑖𝑗 ) + 𝑟𝑡 + 𝑣𝑋𝑖𝑗 , (21)

where 𝑣𝑋𝑖𝑗 ∼ 𝑁(0, 𝜎2𝑑𝑖𝑗 ), 𝜎
2
𝑑𝑖𝑗

= 1
𝑘2𝑖𝑗

(𝜎2𝑡𝑖 + 𝜎2𝑑𝑗 ), and 𝑘𝑖𝑗 =
𝜕𝑇𝑖𝑗
𝜕𝑋0

𝑖𝑗

|

|

|

|𝑋0
𝑖𝑗

≃

constant. Since the moored structure is always running near the equi-
librium point, which is determined by the environmental loads, the
stiffness 𝑘𝑖 will not change for a specific virtual vessel. In this case,
𝑘𝑖 and 𝑘𝑖𝑗 are in the level of 105 N∕m.

Then, we define two displacement vectors, 𝑑𝐼 ∈ R𝑚 and 𝑑𝐼𝐽 ∈ R𝑚𝑛

containing all 𝑑𝑖 and 𝑑𝑖𝑗 , i.e.,

𝑑𝐼 = [𝑑1, 𝑑2,… , 𝑑𝑚]⊤, (22a)

𝑑𝐼𝐽 = [𝑑11, 𝑑12,… , 𝑑1𝑛, 𝑑21, 𝑑22,… , 𝑑2𝑛,… , 𝑑𝑚1, 𝑑𝑚2,… , 𝑑𝑚𝑛]⊤. (22b)

The problem is to estimate (𝑝𝑝, 𝑝𝑎) based on stored (𝑝𝑡, 𝑑𝐼𝐽 ) and
real-time (𝑑𝐼 , 𝜓). There is some available external information in this
scenario. First, the lengths of unstretched mooring lines are known by
the monitoring system. Moreover, the best initial anchor positions can
be received from the installation data and visual observation.

4. Observability analysis

In the network, there are in total 𝑚 + 𝑛 + 1 nodes, i.e., 𝑛 beacon
nodes with known positions and 𝑚 + 1 nodes with unknown positions.
A 2D undirected graph with time-invariant edge is defined as  = ( , ),
where  are the vortices,  =  × are the edges. The total number of
edges is 𝑚𝑛 + 𝑚.

If we only consider their transitional motions in the horizontal plane
and neglect the rotation and wave-induced motions in the other DOFs,
the resulting state equation becomes

⎡

⎢

⎢

⎣

𝑝̇𝑡
𝑝̇𝑎
𝑝̇𝑟

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝑢𝑡
02𝑚
𝑢𝑟

⎤

⎥

⎥

⎦

, (23)

where the velocity vector is 𝑢𝑡 = [𝑢⊤𝑡1,… , 𝑢⊤𝑡𝑛]
⊤ ∈ R2𝑛, and 𝑢𝑟 = [𝑥̇, 𝑦̇]⊤ ∈

R2. A new measurement vector is defined as

(𝑝 , 𝑝 , 𝑝 ) ∶= [𝑝⊤, 𝑑 , 𝑑 ,… , 𝑑 ,… , 𝑑 , 𝑑 ,… , 𝑑 , 𝑑 , 𝑑 ,… , 𝑑 ]⊤,
7

𝑡 𝑎 𝑟 𝑡 11 12 1𝑛 𝑚1 𝑚2 𝑚𝑛 1 2 𝑚
where the squared inter-agent distances are defined as 𝑑𝑖 ∶=
1
2 |𝑝𝑎𝑖 − 𝑝𝑟|

2

and 𝑑𝑖𝑗 ∶=
1
2 |𝑝𝑎𝑖 − 𝑝𝑡𝑗 |

2.
The observability matrix can be calculated by

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

∇0
𝑓 ()

∇1
𝑓 ()

⋮

∇𝑘𝑓 ()

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(24)

where 𝑘𝑓 () denotes 𝑘-order Lie derivative, i.e., 0
𝑓 () =  and

𝑘𝑓 () = (∇𝑘−1𝑓 ())𝑓 for 𝑘 ≥ 1. (See Box I), where 𝑝̄𝑡 = [𝑝𝑡1, 𝑝𝑡2,… , 𝑝𝑡𝑛]⊤

∈ R𝑛×2, 𝑝̄𝑎 = [𝑝𝑎1, 𝑝𝑎2,… , 𝑝𝑎𝑛]⊤ ∈ R𝑛×2, and 𝑢̄𝑡 = [𝑢𝑡1, 𝑢𝑡2,… , 𝑢𝑡𝑛]⊤ ∈ R𝑛×2.
After removing the rows of all zeros, the observability matrix becomes
a combination of adjust rigidity matrix

 =
⎡

⎢

⎢

⎣





⎤

⎥

⎥

⎦

(26)

where ,  and  are given in Box II.
The observability in the above-mentioned 2D distance-only localiza-

tion problem can be proved if the corresponding observability matrix
is fully ranked, implying local weak observability.

For a static localization problem (𝑢̄𝑡 = 0 and 𝑢𝑟 = 0 result in
 = 0), its solvability can be proved with global rigidity from graph
theory, which means distance preserving transformations (Aspnes et al.,
2006). Accounting for the movable nodes in the proposed network,
the observability matrix is augmented by  . Hence, it is possible to
enhance the rank of the observability matrix with well-selected 𝑢̄𝑡 and
𝑢𝑟. We note that the configuration with 𝑛 = 2 also manages to localize
the other nodes due to the contributions from  .

An observability metric from Williams and Sukhatme (2015) is
adopted to evaluate the observability, i.e.,

𝛺(⊤) =
𝜆min(⊤)
𝜆max(⊤)

. (28)

According to the properties of eigenvalues, 𝜆2() = 𝜆(⊤) =
𝜆(⊤ + ⊤ +  ⊤ ). Then, Weyl’s inequalities are employed to
simplify the calculation. Since (⊤)⊤ = ⊤(⊤)⊤ = ⊤, ⊤,
⊤, and  ⊤ are Hermitian matrices. In addition, according to the
rigidity graph theory, a rigid graph has three eigenvalues to be zeros,
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0
𝑓 () =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐼2𝑛 02𝑛×2𝑚 02𝑛×2
⎡

⎢

⎢

⎢

⎢

⎢

⎣

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎1, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎1,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎𝑖)

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎2, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎2,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎2)

⋮

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎𝑚, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎𝑖,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎𝑚)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

diag(𝐼𝑛 ⊗ 𝑝⊤𝑎1 − 𝑝̄𝑡, 𝐼𝑛 ⊗ 𝑝⊤𝑎2 − 𝑝̄𝑡,… , 𝐼𝑛 ⊗ 𝑝⊤𝑎𝑚 − 𝑝̄𝑡) 0𝑚𝑛×2

0𝑚×2𝑛 diag(𝑝⊤𝑎1 − 𝑝
⊤
𝑟 , 𝑝

⊤
𝑎2 − 𝑝

⊤
𝑟 ,… , 𝑝⊤𝑎𝑚 − 𝑝⊤𝑟 ) 1𝑛 ⊗ (𝑝𝑝)⊤ − 𝑝̄𝑎

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(25a)

∇1
𝑓 () =

⎡

⎢

⎢

⎢

⎣

02𝑛×2𝑛 02𝑛×𝑚 02𝑛×2
1𝑚 ⊗ diag(𝑢⊤𝑡1, 𝑢

⊤
𝑡2,… , 𝑢⊤𝑡𝑛) −𝐼𝑚 ⊗ 𝑢̄𝑡 0𝑚𝑛×2

0𝑚×2𝑛 −diag(𝑢⊤𝑡1, 𝑢
⊤
𝑡2,… , 𝑢⊤𝑡𝑛) 1𝑚 ⊗ 𝑢⊤𝑝

⎤

⎥

⎥

⎥

⎦

(25b)

∇𝑘𝑓 () =0, ∀𝑘 ≥ 2. (25c)

Box I.
 =[𝐼2𝑛, 02𝑛×2𝑚, 02𝑛×2], (27a)

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎡

⎢

⎢

⎢

⎢

⎢

⎣

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎1, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎1,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎𝑖)

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎2, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎2,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎2)

⋮

diag(𝑝⊤𝑡1 − 𝑝
⊤
𝑎𝑚, 𝑝

⊤
𝑡2 − 𝑝

⊤
𝑎𝑖,… , 𝑝⊤𝑡𝑛 − 𝑝

⊤
𝑎𝑚)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

diag(𝐼𝑛 ⊗ 𝑝⊤𝑎1 − 𝑝̄𝑡, 𝐼𝑛 ⊗ 𝑝⊤𝑎2 − 𝑝̄𝑡,… , 𝐼𝑛 ⊗ 𝑝⊤𝑎𝑚 − 𝑝̄𝑡) 0𝑚𝑛×2

0𝑚×2𝑛 diag(𝑝⊤𝑎1 − 𝑝
⊤
𝑟 , 𝑝

⊤
𝑎2 − 𝑝

⊤
𝑟 ,… , 𝑝⊤𝑎𝑚 − 𝑝⊤𝑟 ) 1𝑛 ⊗ (𝑝𝑝)⊤ − 𝑝̄𝑎

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (27b)

 =

[

1𝑚 ⊗ diag(𝑢⊤𝑡1, 𝑢
⊤
𝑡2,… , 𝑢⊤𝑡𝑛) −𝐼𝑚 ⊗ 𝑢̄𝑡 0𝑚𝑛×2

0𝑚×2𝑛 −diag(𝑢⊤𝑡1, 𝑢
⊤
𝑡2,… , 𝑢⊤𝑡𝑛) 1𝑚 ⊗ 𝑢⊤𝑝

]

, (27c)

Box II.
[

i.e., 𝜆1(⊤) = 𝜆2(⊤) = 𝜆3(⊤) = 0. By using Lemma 1, we have

𝜆min(⊤) ≥𝜆1(⊤) + 𝜆4(⊤) + 𝜆1( ⊤ ) (29a)

𝜆min(⊤) ≤𝜆max(⊤) + 𝜆4(⊤) + 𝜆max( ⊤ ) (29b)

𝜆max(⊤) ≥𝜆1(⊤) + 𝜆max(⊤) + 𝜆1( ⊤ ) (29c)

𝜆max(⊤) ≤𝜆max(⊤) + 𝜆max(⊤) + 𝜆max( ⊤ ) (29d)

Since ⊤ is a diagonal matrix with a 2𝑛 number of 1 and a
2(𝑚 + 𝑛 + 1) number of 0 on the main diagonal, the eigenvalues are

𝜆𝑖 =

{

0, if 𝑖 = 1,… , 2𝑚 + 2
1, if 𝑖 = 2𝑚 + 3,… , 2(𝑚 + 𝑛 + 1).

Substituting into (29) yields

𝜆4(⊤) + 𝜆min( ⊤ ) ≤ 𝜆min(⊤) ≤ 1 + 𝜆4(⊤) + 𝜆max( ⊤ ),
(30a)

𝜆max(⊤) + 𝜆min( ⊤ ) ≤ 𝜆max(⊤) ≤ 1 + 𝜆max(⊤) + 𝜆max( ⊤ ).
(30b)

Substituting (30) into (28), we have

𝜆4(⊤) + 𝜆min( ⊤ )
1 + 𝜆max(⊤) + 𝜆max( ⊤ )

≤ 𝛺() ≤
1 + 𝜆4(⊤) + 𝜆max( ⊤ )
𝜆max(⊤) + 𝜆min( ⊤ )

.

(31)

A practical concern is that the mooring projection lengths (𝑝̄𝑎 − 𝑝̄𝑡
and 𝑝̄𝑎 − 𝑝̄𝑝) normally are much larger than the values of velocities
(𝑢̄𝑡 and 𝑢𝑟). Compared to the graph topology  and actuation  , the
network configuration contributes most to the observability. Therefore,
we hereafter focus on the rigidity matrix.

Note that the metric does not indicate which network configuration
is better, but only a way to present the metric. It is possible to
8

improve the observability by changing the mooring line configuration,
e.g., reduce 𝜆max(⊤).

The influence of the network configuration is illustrated in Figs. 6–7.
In the illustrative scenario, the anchors and virtual vessels are assumed
to be evenly distributed in a circle with the same angular interval,
respectively. The left column only shows the illustrative layout with
𝑚 = 5 and 𝑛 = 3. Furthermore, normalized distribution radii are
used, where 𝑝𝑎 = 𝑟𝑎

𝑟𝑡
[cos 2𝜋(𝑖−1)

𝑚 , sin 2𝜋(𝑖−1)
𝑚 ]⊤ for 𝑖 = 1,… , 𝑚 and 𝑝𝑡 =

cos 2𝜋(𝑗−0.5)
𝑛 , sin 2𝜋(𝑗−0.5)

𝑛 ]⊤ for 𝑗 = 1,… , 𝑛, where 𝑟𝑎 and 𝑟𝑡 are the radii
of distribution circles for the anchors and virtual vessels, respectively.
From Eqs. (28) and (27b), it is easy to note that the proportion between
the two radii, instead of their absolute values, influences the results of
𝜆(⊤). There is a half interval lag for the virtual vessel distribution.
The real-time vessel stays at the origin 𝑝𝑟 = [0, 0]⊤. From Fig. 6, another
way to enhance the observability is to increase the value of 𝑟𝑎

𝑟𝑡
.

It is concluded that the network should have a number of at least
3 anchors and 3 virtual vessels to maintain the rigidity (observability).
In addition, the observability is improved with an increasing number
of virtual vessels. Different configuration has different trend.

5. Simultaneous localization of anchors and moored vessel

Regarding the sensor network built in Section 3.3, the stored vessel
position data 𝑝𝑡, stored tension data, real-time heading, and online
tension measurements are available. To simplify the representation, we
employ the range measurements directly after the tension mapping,
i.e., 𝑑𝐼 and 𝑑𝐼𝐽 . The anchors have fixed positions, but noise is needed to
balance the distance between the estimated and real positions, which is
similar to (2b), applied to simulate the slow-varying loads. The discrete
form is given by
𝑝𝑎𝑖(𝑘 + 1) = 𝑝𝑎𝑖(𝑘) +𝑤𝑎𝑖, (32)
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Fig. 6. 𝛺(⊤) with different numbers of anchors and virtual vessels (distributed along circles).
Fig. 7. 𝛺(⊤) with different numbers of anchors and virtual vessels (distributed along half circles).
where 𝑤𝑎𝑖 is a zero-mean noise. The continuous form is given by

𝑝̇𝑎 = 𝐸𝑎𝜔𝑎. (33)

where 𝐸𝑎 ∈ R2𝑚×2𝑚 is an identity matrix and 𝜔𝑎 = [𝑤𝑎1,… , 𝑤𝑎𝑚]⊤.

Theorem 2 (State Space Equation for a Moored Structure with Only
Tension Measurements and Magnetometer.). The overall EKF is based on
9

the nonlinear complete model

𝑓 (𝒙) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

𝐴𝑤𝜉

𝑅(𝜓)𝜈

−𝑇 −1
𝑏 𝑏

−𝑀−1𝐷𝜈 +𝑀−1𝑅⊤(𝜓)𝑏 −𝑀−1𝑅⊤(𝜓)𝑔𝑚𝑜
02𝑚

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

, (34)
⎣ 02𝑛 ⎦
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𝑓

𝐵

𝐻
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𝒙

w

𝐸

T

𝐻

𝐵 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

06×3
03×3
03×3
𝑀−1

02𝑚×3
02𝑛×3

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐸 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐸𝑤 03×3 06×2𝑚
03×3 03×3 03×2𝑚
03×3 𝐸𝑏 03×2𝑚
03×3 03×3 03×2𝑚
02𝑚×3 02𝑚×3 𝐸𝑎
02𝑛×3 02𝑛×3 02𝑛×2𝑚

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

(𝒙) =

⎡

⎢

⎢

⎢

⎢

⎣

𝜓 + 𝜉6
𝑝𝑡

𝐺𝐼 (𝑝𝑎, 𝜂)
𝐺𝐼𝐽 (𝑝𝑎, 𝑝𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

, (35)

here the state vector is 𝒙 = [𝜉⊤, 𝜂⊤, 𝑏⊤, 𝜈⊤, 𝑥𝑎⊤, 𝑥𝑡⊤]⊤, 𝜂 = [𝑝𝑝⊤, 𝜓]⊤, the
easurement vector is 𝒚 = [𝜓 + 𝜉6, 𝑝𝑡⊤, 𝑑𝐼⊤, 𝑑𝐼𝐽 ⊤]⊤, 𝑤 = [𝑤⊤𝑤, 𝑤

⊤
𝑏 , 𝑤

⊤
𝑎 ]
⊤,

nd 𝒖 = 𝜏𝑐 .
The tuning matrices are 𝑄 ∈ R(6+2𝑚)×(6+2𝑚) and
∈ R(1+2𝑛+𝑚+𝑚𝑛)×(1+2𝑛+𝑚+𝑚𝑛). The distance mapping functions are given by

𝐼 = 𝐺𝐼 (𝑝𝑎, 𝑝𝑝 + [𝜉4, 𝜉5]⊤), and 𝑑𝐼𝐽 = 𝐺𝐼𝐽 (𝑝𝑎, 𝑝𝑡), (36)

here the estimated distances are given by

𝑖 = 𝑔𝑖(𝑝𝑎𝑖, 𝑝𝑝 + [𝜉4, 𝜉5]⊤) =
√

(𝑥𝑎𝑖 − 𝑥𝑝 − 𝜉4)2 + (𝑦𝑎𝑖 − 𝑦𝑝 − 𝜉5)2, (37a)

𝑑𝑖𝑗 = 𝑔𝑖𝑗 (𝑝𝑎𝑖, 𝑝𝑡𝑗 ) =
√

(𝑥𝑎𝑖 − 𝑥𝑗𝑡)2 + (𝑦𝑎𝑖 − 𝑦𝑡𝑗 )2. (37b)

The Jacobian matrix is given by

= 𝜕ℎ
𝜕𝑥

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝜓𝑤
𝜕𝜉

𝜕𝜓𝑤
𝜕𝜂

01×3 01×3 01×2𝑚 02𝑛×2𝑛
02𝑛×6 02𝑛×3 02𝑛×3 02𝑛×3 02𝑛×2𝑚 𝐼2𝑛×2𝑛
𝜕𝑑𝐼
𝜕𝜉

𝜕𝑑𝐼
𝜕𝜂

0𝑚×3 0𝑚×3
𝜕𝑑𝐼
𝜕𝑝𝑎

0𝑚×2𝑛

0𝑚𝑛×6 0𝑚𝑛×3 0𝑚𝑛×3 0𝑚𝑛×3
𝜕𝑑𝐼𝐽
𝜕𝑝𝑎

𝜕𝑑𝐼𝐽
𝜕𝑝𝑡

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (38)

where
𝜕𝜓
𝜕𝜉

=
[

0 0 0 0 0 1
]

,
𝜕𝜓
𝜕𝜂

=
[

0 0 1
]

, (39a)

𝜕𝑑𝐼
𝜕𝜉

=
[

0𝑚×3, 𝐴1𝐴2𝐴3, 0𝑚
]

,
𝜕𝑑𝐼
𝜕𝜂

=
[

𝐴1𝐴2𝐴3, 0𝑚
]

, (39b)

here 𝐴1 = diag{ 1
𝑑1
, 1
𝑑2
,… , 1

𝑑𝑚
}, 𝐴2 = [1𝑚×2,−𝐼𝑚×𝑚],

𝐴3 = [𝑝𝑝, [𝜉4, 𝜉5]⊤, 𝑝1𝑎, 𝑝2𝑎,… , 𝑝𝑎𝑚]⊤,

𝜕𝑑𝐼
𝜕𝑝𝑎

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜒1 02 ⋯ 02
02 𝜒2 ⋯ 02
⋮ ⋮ ⋱ ⋮
02 02 ⋯ 𝜒𝑚

⎤

⎥

⎥

⎥

⎥

⎦

, 𝜒𝑖 =
[ 𝑥𝑝+𝜉4−𝑥𝑎𝑖

𝑑𝑖

𝑦𝑝+𝜉5−𝑦𝑎𝑖
𝑑𝑖

]

, (39c)

𝜕𝑑𝐼𝐽
𝜕𝑝𝑎

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜍1 0𝑛×2 ⋯ 0𝑛×2
0𝑛×2 𝜍2 ⋯ 0𝑛×2
⋮ ⋮ ⋱ ⋮

0𝑛×2 0𝑛×2 ⋯ 𝜍𝑚

⎤

⎥

⎥

⎥

⎥

⎦

, 𝜍𝑖 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑥𝑎𝑖−𝑥𝑡1
𝑑𝑖1

𝑦𝑎𝑖−𝑦𝑡1
𝑑𝑖1

𝑥𝑎𝑖−𝑥𝑡2
𝑑𝑖2

𝑦𝑎𝑖−𝑦𝑡2
𝑑𝑖2

⋮ ⋮
𝑥𝑎𝑖−𝑥𝑡𝑛
𝑑𝑖𝑛

𝑦𝑎𝑖−𝑦𝑡𝑛
𝑑𝑖𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(39d)

𝜕𝑑𝐼𝐽
𝜕𝑝𝑡

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜗1
𝜗2
⋮
𝜗𝑚

⎤

⎥

⎥

⎥

⎥

⎦

,

𝑖 =

⎡

⎢

⎢

⎢

⎢

𝑥𝑡1−𝑥𝑎𝑖
𝑑𝑖1

𝑦𝑡1−𝑦𝑎𝑖
𝑑𝑖1 𝑥𝑡2−𝑥𝑎𝑖

𝑑𝑖2
𝑦𝑡2−𝑦𝑎𝑖
𝑑𝑖2

⋱
𝑥𝑡𝑛−𝑥𝑎𝑖 𝑦𝑡𝑛−𝑦𝑎𝑖

⎤

⎥

⎥

⎥

⎥

(39e)
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⎣ 𝑑𝑖𝑛 𝑑𝑖𝑛
⎦

Remark. We notice that the matrices
𝜕𝑑𝐼𝐽
𝜕𝑝𝑎

and
𝜕𝑑𝐼𝐽
𝜕𝑝𝑡

are made up of
𝑛 blocks. To write it in this form has the advantage that every block
is related to one anchor. In other words, we can choose the relevant
anchors to construct the matrices.

In practice, we may have more available information than the model
we introduced. For instance, when the anchor positions are all well-
known, we may only estimate the position of the vessel based on
the tension measurements. This model will be presented in Lemma 3.
Furthermore, the only interesting information may be the location of
the anchor when the vessel has lost the anchor. This simplified model
will be depicted in Lemma 4. In these models, the structures of the
sensor network also vary.

Lemma 3 (Simplified Model 1. Vessel Localization with Known Anchor
Positions and Real-Time Tension Measurement). When the anchor positions
are known, the goal is to estimate the LF motion of the moored vessel 𝑝𝑝

ith tension measurements. The state vector hence is 𝒙 = [𝜉⊤, 𝜂⊤, 𝑏⊤, 𝜈⊤]⊤,
the observation vector is 𝒚 = [𝜓, 𝑑𝐼⊤]⊤, the disturbance vector is 𝑤 =
𝑤⊤𝑤, 𝑤

⊤
𝑏 ]
⊤, 𝒖 = 𝜏𝑐 , and the estimated distance is given by 𝑑𝑖 = 𝑔𝑖𝑗 (𝑝𝑎𝑖, 𝑝̂𝑝).

hen the key matrices in the algorithm are simplified as

(𝒙) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐴𝑤𝜉

𝑅(𝜓)𝜈

−𝑇 −1
𝑏 𝑏

−𝑚−1𝐷𝜈 + 𝑚−1𝑅(𝜓)⊤𝑏 − 𝑚−1𝑅⊤(𝜓)𝑔𝑚𝑜

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (40)

=

⎡

⎢

⎢

⎢

⎢

⎣

06×3
03×3
03×3
𝑚−1

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐸 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐸𝑤 03×3
03×3 03×3
03×3 𝐸𝑏
03×3 03×3

⎤

⎥

⎥

⎥

⎥

⎦

, ℎ(𝒙) =
[

𝜓 + 𝜉6
𝐺𝐼 (𝑝𝑎, 𝜂)

]

, (41)

The Jacobian matrix is given by

= 𝜕ℎ
𝜕𝒙

=

⎡

⎢

⎢

⎢

⎣

𝜕𝜓
𝜕𝜉

𝜕𝜓
𝜕𝜂

01×3 01×3

𝜕𝑑𝐼
𝜕𝜉

𝜕𝑑𝐼
𝜕𝜂

0𝑚×3 0𝑚×3

⎤

⎥

⎥

⎥

⎦

. (42)

emma 4 (Simplified Model 2. Unknown Anchors Localization with GNSS-
ssist). Another simplified form is to only estimated the anchors. The state
ector is 𝒙 = [𝑥𝑎⊤, 𝑝𝑡⊤]⊤, the observation vector is 𝒚 = [𝑝𝑡⊤, 𝑑𝐼𝐽 ⊤]⊤, and
he estimated distance is given by 𝑑𝑖𝑗 = 𝑔𝑖𝑗 (𝑝̂𝑎𝑖, 𝑝𝑡𝑗 ). The state-space form is
ormulated as

̇ =𝐸𝑤𝑎,

𝒚 =ℎ(𝒙) + 𝑣,
(43)

here

=
[

𝐸𝑎
02𝑛×2𝑚

]

, ℎ(𝑥) =
[

𝑥𝑡
𝐺𝐼𝐽 (𝑝𝑎, 𝑝𝑡)

]

, (44)

he Jacobian matrix is given by

= 𝜕ℎ
𝜕𝒙

=
⎡

⎢

⎢

⎣

02𝑛×2𝑚 𝐼2𝑛×2𝑛
𝜕𝑑𝐼𝐽
𝜕𝑝𝑎

𝜕𝑑𝐼𝐽
𝜕𝑝𝑡

⎤

⎥

⎥

⎦

. (45)

In the sensor network, the anchors are independent. In other words,
we can detect arbitrary anchors. Therefore, this network applies to all
vessels equipped with tension cells. For the sake of simplification, the
typical EKF is not repeated here.

Range measurements 𝑑𝐼𝐽 depend on the positions of the virtual
vessel and anchors, and the range measurement 𝑑𝐼 is dependent on the
anchor position and real-time estimated vessel position.
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Table 1
Vessel main particulars.

Principle dimension Unit Values

Vessel Type FPSO
Length between perp. m 200
Molded breadth m 44
Draught m 12
Mass ton 1.004e5
Position of COG m [0,0,11]
Radius of turret 𝑟𝑡 m 20

Table 2
Mooring line dimensions.

Principle dimension Unit Values

Density of ambient water kg/m3 1025
Density of cable kg/m 275
Length of the cable m 2350
Elastic modulus 𝐸 Pa 2 × 1010

Cable cross section area m2 0.04
Cable diameter m 0.08
Max strain 𝜀 – 0.005
Normal drag coefficient – 0.3
Tangential drag coefficient – 1.0

6. Numerical simulation

6.1. Overview

The simulations are conducted in MATLAB/Simulink® with the
MSS toolbox (MSS. Marine Systems Simulator, 2010) and MarIn tool-
box (Ren et al., 2018). The parameters of the mooring lines and a
moored FPSO are tabulated in Tables 1 and 2. The sampling interval is
0.02 s. Nonlinear dynamics are considered in the simulations.

To collect time-series data for the virtual vessels, a group of simu-
lations in various environments are conducted, as listed in Table 4.

All the environmental parameters are generated randomly, includ-
ing the wind speed and direction, the significant wave height and its
main direction, the current speed and direction, and the estimated
initial anchor positions. The peak wave period is set to be 7 s, and
an irregular wave condition is simulated using an ITTC spectrum. The
current profile is a linear interpolation of preset current speeds at water
depths 0, 250 m, 500 m, 750 m, and 1000 m, respectively. In the
scenario with only surface current, the current speeds (𝜈𝑐𝑢𝑟) at water
depths 250 m, 500 m, 750 m, and 1000 m are set to be zeros. The
current direction remains the same along water depth and the value is
randomly set in a ±35𝑑𝑒𝑔 region from the main wave direction.

Data are only collected after the vessel has been stabilized at a new
quilibrium point given by the different environmental parameters,
ven though the vessels can never become fixed due to the time-
arying loads. Then, we have a set of virtual vessels running in different
nvironments at a group of equilibrium points, where the equilibrium
ositions in Table 4 are the mean values over the period. By comparing
he second and third columns in Table 4, the current profiles only
lightly influence the positions of the equilibrium points.

Monte Carlo simulations are conducted using the generated data,
hich contain 𝑛 virtual and 1 real-time measurement, and selecting 𝑛

ets of data from 20 sets of simulation results. To test the influence
f the number 𝑛, we select 10 groups of data; see Table 3. For each
roup, there are four virtual vessels randomly selected if 𝑛 = 4. When
= 7, three additional virtual vessels are added. Another three virtual
essels are introduced when 𝑁 = 10. For each simulation, a set of
ata is selected from the rest of the sets as the real-time measurement.
here are five simulations for each group of 𝑛, i.e., the numbers under
I)–(V) in Table 3 are the indices of simulations used as the real-time
easurement. The simulations last for 1000 s.

Sensitivity studies are conducted to verify the estimation perfor-
ance. To verify the robustness of this algorithm, we assume noise with
11

e

high variance in the tension cells, e.g., 𝜎2𝑡𝑖 = 108, which is much larger
than in a practical situation. The tension measurement is quite noisy
here. Hence, the distance from the mapping suffers greatly from noise.

6.2. Simulation results

The time-domain simulation results are, for example, shown in
Figs. 8–9. We determine that the anchor positions and the real-time
COT motion are well estimated. The performance mainly depends
on the parametric tuning and variances of the noise in the tension
measurements. Furthermore, the computational time depends on the
number of virtual vessels.

In the initial 5 seconds, the COT position estimates 𝑝̂𝑝 quickly
onverge to the real value 𝑝𝑝. The convergence rate enhances with 𝑛.
hen, the COT position estimates are closed to the real value. With only
urface current, the COT position estimate oscillates around the real
alue with an error of less than 1 m. The estimation performances for
= 7 and 𝑛 = 10 are similar. The current profile introduces a constant
ias in both directions. An oscillation is noticed in the estimates with
he main wave frequency. The reason for the oscillation is primarily
ue to the mooring line motions resulting from the vessel’s wave-
nduced motions. The virtual vessel is influenced by the WF motion,
hich is removed from 𝑝𝑡. Another minor source is the turret rotational
ynamics.

The anchor position 𝑝𝑡 quickly converges and remains bounded
round the real positions. The convergence speed largely depends on
he choice of the matrices, such as 𝐸𝑎, 𝑄 and 𝑅. With the same 𝐸𝑎,
he convergence speed is faster with an increasing number of virtual
essels. The computational speed is enhanced quadratically.

The simulation results agree with the expectation, showing that
he estimation of the anchor positions is slower than the real-time
ocalization of the moored vessel. With only surface current, the anchor
osition estimate has a bias of fewer than 10 m. The difference among
ifferent 𝑛s is limited. When the current profile is involved, a bias is
ntroduced in the estimate. For specific anchors, e.g., Anchors 3 and 7,
he estimated biases for various values of 𝑛 are similar. However, the
ias differences are large for other anchor position estimates. The bias
ecreases with increasing 𝑛 from 𝑛 = 4 to 𝑛 = 7.

.3. Comparison study

The biases and mean square errors(MSEs) of the position estimates
t the COT and 𝑖th anchor are respectively defined as

𝑏𝑡 =
1
𝑛𝑡

𝑛𝑡
∑

𝑘=1
|𝑝𝑝 − 𝑝̂𝑝|, (46a)

𝑀𝑆𝐸𝑡 =
1
𝑛𝑡

𝑛𝑡
∑

𝑘=1
(|𝑝𝑝 − 𝑝̂𝑝| − 𝑏𝑡)2, (46b)

𝑏𝑎𝑖 =
1
𝑛𝑡

𝑛𝑡
∑

𝑘=1
|𝑝𝑎𝑖 − 𝑝̂𝑎𝑖|, 𝑖 = 1,… , 𝑚, (46c)

𝑀𝑆𝐸𝑎𝑖 =
1
𝑛𝑡

𝑛𝑡
∑

𝑘=1
(|𝑝𝑎𝑖 − 𝑝̂𝑎𝑖| − 𝑏𝑎𝑖)2, (46d)

where 𝑛𝑡 is the number of total sampling intervals.
The simulation results are presented in Figs. 10–11. The bar graphs

for the anchors illustrate the mean value of the estimates. The values for
specific anchors are presented with markers. Current profiles influence
the estimation performance remarkably. The estimated bias is less than
2.5 meters with the current profile. The improvement of increasing
𝑛 to the COT position estimates is not significant. However, biases
for the anchor position estimates are reduced with increasing 𝑛. The
MSE for the anchor position estimate is larger than that of the COT,
possibly because the current-induced loads acting on different mooring
lines compensate for other effects in the estimator. When 𝑛 = 4, the
stimation performance is not perfectly stable. For some anchors, the
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Table 3
Run time with a different number of virtual vessels.

Simulation
group no.

Virtual vessel indices Real-time vessel index

𝑛 = 4 𝑛 = 7 𝑛 = 10 (I) (II) (III) (IV) (V)

(a) 3 5 6 9 11 13 19 4 8 16 15 7 12 14 18
(b) 2 4 5 16 1 3 18 7 17 19 8 13 20 9 10
(c) 5 3 20 6 1 16 18 7 14 15 19 2 12 17 13
(d) 3 9 13 20 1 7 11 14 15 16 12 8 5 2 18
(e) 2 4 8 10 1 5 7 6 15 17 9 18 12 20 11
(f) 4 9 18 13 1 5 10 6 7 19 17 14 15 11 16
(g) 1 4 7 19 3 8 10 9 11 17 20 18 12 13 2
(h) 10 15 18 19 3 5 20 2 12 14 9 6 7 16 13
(i) 2 8 16 17 11 18 19 5 9 13 7 3 20 6 14
(j) 1 3 4 7 5 10 15 9 16 17 13 8 19 20 14
Table 4
Vessel equilibrium points.

Index Equilibrium position Wind Waves Current profile depth [0,250,500,750,1000] (m)

[𝑗] with only surface current with current profile [𝜈𝑤𝑖𝑛𝑑 , 𝛽𝑤𝑖𝑛𝑑 ] [𝐻𝑠 , 𝛽𝑤𝑎𝑣𝑒] 𝜈𝑐𝑢𝑟 𝛽𝑐𝑢𝑟
[𝑥𝑡𝑗 , 𝑦𝑡𝑗 ]⊤ (m) [𝑥𝑡𝑗 , 𝑦𝑡𝑗 ]⊤ (m) (m/s,deg) (m,deg) (m/s) (deg)

1 [3.9, −122.0] [6.4, −122.0] [2.5, 98.0] [2.1, 87.0] [0.8, 0.048, 0.34, 0.2, 0.77] 43.0
2 [39.0, −57.0] [40.0, −51.0] [5.8, 122.0] [1.6, 111.0] [0.44, 0.38, 0.97, 0.59, 0.3] 100.0
3 [6.9, −144.0] [1.6, −144.0] [5.2, 43.0] [0.76, 79.0] [0.98, 0.41, 0.48, 0.95, 0.18] 144.0
4 [0.94, −15.0] [2.9, −11.0] [1.6, 40.0] [2.3, 89.0] [0.096, 0.4, 0.37, 0.26, 0.69] 32.0
5 [−58.0, −59.0] [−53.0, −54.0] [4.9, 93.0] [0.3, 41.0] [0.53, 0.42, 0.76, 0.51, 0.26] 43.0
6 [38.0, −76.0] [39.0, −74.0 ] [5.0, 77.0] [3.0, 111.0] [0.55, 0.38, 0.38, 0.64, 0.46] 97.0
7 [−32.0, −30.0] [−26.0, −19.0] [8.4, 6.2] [0.72, 42.0] [0.28, 0.91, 0.9, 0.4, 0.84] 10.0
8 [−58.0, −5.8] [−53.0, 1.1] [8.1, −47.0] [0.58, 7.1] [0.37, 0.67, 0.18, 0.49, 0.88] −14.0
9 [2.6, −9.6] [−0.37, −17.0] [8.6, 99.0] [2.0, 86.0] [0.065, 0.96, 0.37, 0.75, 0.7] 177.0
10 [57.0, −66.0] [56.0, −70.0] [6.1, 122.0] [0.1, 111.0] [0.54, 0.16, 0.92, 0.13, 0.76] 177.0
11 [−111.0, −58.0] [−100.0, −55.0] [5.7, −30.0] [1.1, 19.0] [0.84, 0.75, 0.52, 0.043, 0.97] 88.0
12 [−13.0, −18.0] [−11.0, −17.0] [6.1, 66.0] [0.93, 50.0] [0.15, 0.37, 0.09, 0.37, 0.4] 42.0
13 [−26.0, −8.3] [−22.0, −5.1] [1.0, 4.4] [0.23, 11.0] [0.17, 0.45, 0.74, 0.69, 0.13] 65.0
14 [−6.9, −9.1] [0.98, −1.6] [1.6, 2.0] [0.38, 54.0] [0.068. 0.039, 4.7e−3, 0.94, 0.72] −12.0
15 [36.0, −122.0] [41.0, −111.0] [4.1, 89.0] [1.3, 100.0] [0.82, 0.56, 0.6, 0.48, 0.9] 26.0
16 [−13.0, −16.0] [−12.0, −14.0] [5.6, 17.0] [2.6, 47.0] [0.13, 0.37, 0.96, 0.13, 0.17] 25.0
17 [−111.0, −68.0] [−111.0, −65.0] [2.7, 81.0] [2.7, 30.0] [0.88, 0.79, 0.4, 0.48, 0.043] 7.6
18 [−55.0, −58.0] [−44.0, −49.0] [7.8, 58.0] [0.17, 43.0] [0.51, 0.8, 0.73, 0.95, 0.48] 40.0
19 [41.0, −144.0] [37.0, −144.0] [3.9, 133.0] [2.3, 89.0] [0.96, 0.38, 0.68, 0.37, 0.094] 188.0
20 [−1.9, −19.0] [1.1, −12.0] [0.31, 95.0] [2.6, 78.0] [0.12, 0.25, 0.98, 0.33, 0.65] 50.0
Fig. 8. COT position estimates with various numbers of virtual vessels and current conditions, group (b) and set (III) (SC-with only surface current, CP-with current profile).
ias can be extremely large. Higher 𝑛 also improves the estimation
performance. Therefore, the proposed scheme can be applied to provide
additional posref to the position mooring system and estimate the
unknown anchor positions.

To enhance the computational speed, we need to find a tradeoff
between the speed, time step, and accuracy. A few of the matrices in the
EKF have more than 100 rows when 𝑛 = 10, and the matrix operation
and its inverses are quite slow to compute. The solution is to program in
a language with higher efficiency, in combination with the application
of state augmentation and sparsification (Bailey and Durrant-Whyte,
2006).
12
In addition to the EKF-SLAM approach, we also tried the SOCP and
SDP methods. However, we notice that the constraint functions only
provide a local optimum, and the results are insufficient to provide
accurate localization information. The main reason is the relatively
small motion range (the accepted region in Fig. 5) of the upper moored
structure.

7. Conclusion and future work

In this paper, a motion estimate for a moored floating structure

is achieved by using tension cell measurements equipped on mooring
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Fig. 9. Anchor position estimates in 500–700 s with various numbers of virtual vessels and current conditions, group (b) and set (III) (SC-with only surface current, CP-with
current profile).
lines. Tension measurements are related to range signals with rea-
sonable assumptions and careful discussion. The line-of-sight model
13

contains the influence of the turret.
Range measurement noise and bias are analyzed. A sensor network
scheme is built with the previously stored time series. Topological

analysis shows that the network should have a number of at least 3
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Fig. 10. Statistic results of the position estimates, group (a) (SC-with only surface current, CP-with current profile).
nchors and 3 virtual vessels to maintain the observability. In addition,
he observability of the proposed scenario using distributed mooring
s improved with an increasing number of virtual vessels and higher
roportion of distance between anchors and virtual vessels.
14
An EKF-based approach is employed to asymptotically estimate the
uncertain nodes, and numerical simulations are conducted to verify the
proposed algorithm. A comparison study verifies that the technique can
well estimate the position of the floating structure COT and anchors.
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Fig. 11. Statistic results of the position estimates, group (c) (SC-with only surface current, CP-with current profile).
v
H
v
I

The proposed algorithm not only enhances the system redundancy but
also provides a possibility to roughly locate anchors without further
investment. However, the loads acting on the mooring lines caused
by the underwater current profile influence the estimate accuracy.
Therefore, future emphasis will be placed on non-line-of-sight tension
measurements to reduce the effects of current profiles and realize more
accurate position estimates.
15
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Table 5
List of frequently used symbols and their denotations.
Symbol Denotation

𝑖 Index of the anchor
𝑗 Index of the virtual vessel
𝑚 Number of anchors
𝑛 Number of virtual vessels

{𝐴𝑖} Ancho𝑖-fixed reference frame
{𝐵} Body-fixed reference frame
{𝑁} NED reference frame

𝜓 Yaw angle
𝑥, 𝑦, 𝑧 Positions in {𝑁}
𝑝𝑟 Real-time horizontal position of the COT
𝑝𝑓𝑖 = [𝑥𝑓𝑖 , 𝑦𝑓𝑖]⊤ Horizontal position of the fairlead corresponding to Anchor 𝑖
𝑝𝑎𝑖 = [𝑥𝑎𝑖 , 𝑦𝑎𝑖]⊤ Horizontal position of Anchor 𝑖
𝑝𝑡𝑗 = [𝑥𝑡𝑗 , 𝑦𝑡𝑗 ]⊤ Horizontal position of Virtual vessel 𝑗
𝑝𝑝 = [𝑥𝑝 , 𝑦𝑝]⊤ Real-time LF horizontal position of the COT
𝑝𝑎 A vector containing all anchor positions
𝑝𝑡 A vector containing all COT positions
𝑝̂ Estimate of 𝑝

𝑇𝑖 Tension measurement between Anchor 𝑖 and real-time COT
𝑇𝑖𝑗 Tension measurement between Anchor 𝑖 and Virtual vessel 𝑗 COT
𝑇 0
𝑖 Noiseless axial tension at the top end of the 𝑖th mooring line
𝛥𝑇𝑖,𝑐 Tension deviations due to current loads
𝛥𝑇𝑖,𝑣 Tension deviations due to wave-induced motions
𝛥𝑇𝑖,𝑠 Tension deviations due to seafloor topographical issues
𝑣𝑡𝑖 Gaussian white noise in tension measurement
𝑏𝑡𝑖 Sensor bias in tension measurement

𝑋0
𝑖 Horizontal distance between the 𝑖th anchor and its fairlead

𝑑𝑖, 𝑑𝑖 LOS range measurement and real distance between 𝑝𝑎𝑖 and 𝑝𝑟
𝑑𝑖𝑗 , 𝑑𝑖𝑗 LOS range measurement and real distance between 𝑝𝑎𝑖 and 𝑝𝑡𝑗
𝑑𝐼 A vector containing all 𝑑𝑖
𝑑𝐼𝐽 A vector containing all 𝑑𝑖𝑗
𝑓𝑖 Tension lookup table by setting heave 𝑧 = 0 without current profile
𝑘𝑖, 𝑘𝑖𝑗 Generalized stiffness of the mooring line
 Underwater current profile
𝑅 Transformation matrix from {𝐵} to {𝑁}
𝑟𝑡 Radius of the COT fairlead circle
𝜓𝑡 Turret orientation
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